This paper presents an overview of slow light in semiconductor heterostructures. The focus of this paper is to provide a unified framework to summarize and compare various physical mechanisms of slow light proposed and demonstrated in the past few years. We expand and generalize the discussions on fundamental limitation of slow light and the delay-bandwidth product trade-off to include gain systems and other mechanisms such as injection locking. We derive the maximum fractional delay and compare the differences between material dispersion and waveguide dispersion based devices. The delay-bandwidth product is proportional to the square root of the device length for a material dispersion based device but has a linear relationship for a waveguide dispersion based device. Possible scenarios to overcome the delay-bandwidth product limitation are discussed. The prospects of slow light in various applications are also investigated.
Introduction
Slow light, i.e. optical signal propagating at a velocity much slower than the speed of light in the vacuum, has attracted unprecedented attentions in the past few years. When an optical signal travels through a slow light device, its signal velocity slows down. If the signal distortion after passing through the device is small enough that all the information it carries can be recovered at the output, the signal velocity is equivalent to the group velocity and is given by the following formula:
where n is the refractive index as a function of both the frequency ω and the propagation constant β. Slow light is scientifically interesting not only because an optical signal travelling at a bicycle speed cannot be observed in a typical material but because it also provides potential solutions to several challenging problems in various engineering applications including variable optical delay lines or optical buffers [1] , low-light level nonlinear optical devices [2] , optical pulse synchronization and reshaping [3] , all-optical signal as well as quantum information processing, true-time delay (TTD) in a phased-array antenna (PAA) [4, 5] and miniaturization of many spectroscopy systems due to the availability of a variable delay line. According to (1) , a slow light device needs to exhibit either a large material dispersion (i.e. a large and positive ∂n/∂ω) or a large waveguide dispersion (i.e. a large and positive ∂n/∂β). In the case of material dispersion, a large and positive ∂n/∂ω corresponds to a spectral hole or a gain peak in an absorption background.
From the Kramers-Krönig (KK) relation, the slow down factor S (≡ c/v g ) can be expressed as the integral of the imaginary part of the dielectric constant Imε(ω) as follows [6, 7] : where n bac is the background refractive index of the material far away from the absorption region and PV is the principal value of the integral. The function Imε(ω) corresponds directly to the characteristics of the spectral hole. As illustrated in figure 1 and will be derived later in Section 3, the slow down factor is inversely proportional to the width of the spectral hole (or gain peak) and is also proportional to its depth. In order to achieve a large slow down factor S (≡ c/v g ), a narrow and deep transparency window is required. Figure 2 plots the maximum achievable slow down factor versus the width and the depth ( α) of the spectral hole for a typical semiconductor material. To achieve a slow down factor of 10 4 , a spectral hole as narrow as a few GHz wide is necessary. This explains why slow light cannot be easily observed in nature.
The drastic change in group velocity, whether slow or fast light, has attracted the attentions of many researchers for a long time. In 1982, Chu and Wong [8] observed that an optical pulse propagating through an absorbing semiconductor material can experience a superluminal group velocity. Earlier experiments of slow light in semiconductor materials have also been reported both with material dispersion [9] [10] [11] and with waveguide dispersion [12] [13] [14] [15] . The slow down factors reported in these experiments were, however, rather limited either due to weak modulation of grating refractive indices or due to rapid decoherence processes in semiconductors as a result of carrier-carrier and carrier-phonon interactions. These processes were not able to generate narrow enough spectral holes and therefore did not considerably slow down the group velocity of light. In 1991, Harris et al [16, 17] first demonstrated a narrow transparency window induced in an otherwise opaque medium. The interaction of the optical signal with a strong pump laser via a non-radiative coherent process in a three-level system cancels out the absorption of the signal beam completely. This phenomenon is called electromagnetically induced transparency (EIT) and Figure 2 . Slow down factor versus the width of the spectral hole (or the gain peak) for a series of different spectral hole depths ( α) in a typical semiconductor material with a refractive index of 3.6. The slow down factor is inversely proportional to the width of the spectral hole and proportional to the depth of the spectral hole.
later laid a foundation for the development of slow light. EIT demonstrated for the first time that we can explore an ultranarrow transparency window without an excessive absorption loss. In the last one and a half decade, slow light in a variety of material systems using different physical mechanisms has been successfully demonstrated in experiments. These include slow light by EIT in Bose-Einstein condensates [18] , atomic vapours [19, 20] , and solid crystals [21] ; slow light by coherent population oscillation (CPO) in solid crystals [22] , semiconductor quantum wells (QWs) [23] [24] [25] [26] and semiconductor quantum dots (QDs) [27, 28] ; slow light in gain systems including stimulated Raman or Brillouin scattering (SRS and SBS) in solid atoms [29] , optical fibres [30] and silicon-on-insulator waveguides [31] as well as the optical gain of vertical cavity surface emitting lasers (VCSELs) operating in the amplifier regime [32] ; slow light by exciton dephasing in semiconductor QWs [33] ; slow light in semiconductor optical amplifiers (SOA) [34, 35] by four-wave mixing and CPO; slow light by optical injection locking (OIL) [36] ; slow light via gratings in a photorefractive crystal [37] and slow light in photonic crystal and resonator structures [38] [39] [40] . Among them, slow light in optical fibres and semiconductor heterostructures are most suitable for practical applications. In this paper, we will focus mainly on slow light in semiconductor heterostructures. Readers who are interested in aspects of slow light in optical fibres or other material systems can refer to excellent reviews in [41] [42] [43] .
Slow light in semiconductor materials can enable ultra-compact variable optical delay lines with electrical controllability. They have low power consumption and can be integrated with other electronics as well as optoelectronics devices. These are aspects difficult to achieve in other material systems including optical fibres. The development of slow light in semiconductors has been limited until the last couple of years. Earlier experiments did not have access to processes which can lead to sufficiently narrow transparency windows and hence resulted in small slow down factors. In 1990, Table 1 . Comparison of several benchmarking parameters for different slow light applications. The gauge used in the table is defined as follows. A 'moderate' total delay is defined to be ∼1 ns and 'large' means an order of magnitude larger than the moderate value. Similarly, a moderate δS/S is defined to be ∼10%, and a moderate B to be ∼1 GHz, a moderate operating speed to be ∼100 MHz. These definitions are only for the purpose of convenience. RT stands for room temperature. Low temperature means the operating temperature needs to be lowered to the liquid nitrogen temperature or below. [53] (in the near future)
Wang et al [44] showed that a narrow transparency window can be created in semiconductor materials by the beating of two laser beams (one strong and one weak) with frequencies very close to each other. The beating generates a temporal grating followed by the carriers inside the semiconductors and induces an energy exchange between the two laser beams which leads to a narrow transparency window experienced by the weak beam. This phenomenon is called CPO and is different from EIT in that it only requires a two-level system instead of a three-level one. But the transparency window created by CPO does not suppress the absorption completely as it does in an ideal EIT system. In spite of this, slow light by CPO in QWs was demonstrated experimentally by Ku et al in 2003 [23] . A constant slow down factor of 32 000 over a spectral range of 2 GHz was reported. This was the first time an appreciable slow down factor was observed in semiconductor materials. Recently CPO has been reported in other types of semiconductor heterostructures such as QDs [27, 28] and the operating temperature has been improved from below 100 K to room temperature (RT) [24, 25] . Slow light is a multi-disciplinary field. It would be an insurmountable job for us trying to cover every aspect of slow light. We instead take the liberty of choosing an application oriented approach. We will focus on a few key parameters of slow light that are most relevant in applications and use those as benchmarks to compare different slow light mechanisms. We will also systematically discuss how these parameters are related to material properties in a unified theoretical framework and discuss ultimate limitations of slow light in applications. We hope in this way the readers can more easily bridge the gap between the physics behind slow light and the design trade-offs. The organization of this paper is as follows. In section 2, we first identify a few applications and define the key parameters and their respective requirements in different applications. In section 3, we will present the general principle of slow light using a unified theoretical framework and discuss limitations of slow light and possible approaches to overcome these limits. In section 4, we will review various slow light experiments in semiconductor heterostructures including CPO in QWs and QDs, slow light in SOA and OIL-VCSEL, etc. We will also discuss and compare slow light in photonic crystal and resonator structures. The paper will be concluded with a brief summary of the status quo of the slow light in applications and with discussions of several future aspects of slow light.
Slow light applications
Applications of slow light can be quite broad but the most basic one is a variable optical delay line. By modulating the material dispersion ∂n/∂ω, the amount of delay can be changed without physically changing the device length. The ability to change the delay without mechanically stretching or shrinking the optical path has a profound impact on the adoption of this kind of device in applications. In many occasions, a compact delay line is necessary. In a phased-array antenna as an example, hundreds of delay lines need to be packed into a small system. With a large slow down factor, a very compact variable delay line can be realized. With a slow down factor of 10 4 , a slow light device of 100 µm can achieve a 3 ns delay while a piece of fibre with a length of 60 cm is required to achieve the same amount of delay! In addition to generating a variable time delay for an optical signal, slow light also increases the efficiency of the nonlinear optical effect by increasing the total amount of time the optical signal stays in the slow light device. This effectively increases the interaction length and reduces the intensity required to achieve the same degree of efficiency for a nonlinear optical process.
The above two basic operations of a slow light device can lead to many specific applications. A few of them are identified and summarized in table 1. In the table, several benchmarking parameters including the total time delay τ , the slow down factor S, the variability of the slow down factor S/S, the operating bandwidth B and the operating speed are defined. We distinguish the operating bandwidth from the operating speed. The latter refers to how fast we can change the slow down factor from one value to another while the former refers to the frequency range within which the slow down factor is a constant in order to avoid excessive distortion on the optical signal. As an example, for optical buffers in a packet-switched network, the slow down factor as a function of the signal modulation frequency needs to be a constant over the entire signal spectral range. But if the slow light device is to generate a variable delay for a single optical pulse, this stringent requirement can be greatly relaxed because an isolated optical pulse is more immune to distortion such as pulse widening compared with a pseudo-random pulse train in a telecommunication network [45, 46] . On the other hand, a digitally modulated signal has more tolerance in distortion and when a voltage is applied to the slow light device to shift the energy level, the dispersion curve also shifts in frequency from the solid line to the dashed line as in (a). This shift creates a phase shift for the signal while keeping the absorption the same. Due to a large slope of the refractive index with respect to the frequency, the voltage required to shift the spectrum in order to generate the π -phase shift can be very small. compared with an analogue modulated signal such as the radio frequency (RF) information carried by an optical wave in a microwave photonics system. We compare the requirements of these benchmarking parameters for applications in optical buffers, TTD in PAAs, pulse synchronization, all-optical signal processing and quantum information processing. Some of the applications require a large delay. In a packet switched network, a basic packet size is 424 bits which correspond to a total delay of 10 ns in a 40 Gbit s −1 network. For applications such as TTD in PAAs, the typical delay is a lot smaller. A delay of 90 ps is able to generate a steering range of ±28
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• [47] . Slow light generates the delay for the envelope of the field instead of the intensity and thus preserves its coherent (phase) information. This property allows slow light devices to be applied to a coherent communication network or quantum information processing where the phase information is crucial. In applications such as optical switching, slow light can generate a π-phase shift for an incoming optical pulse within a short distance by enhancing the nonlinear Kerr effect [54] . The large percentage shift of the refractive index over a narrow spectral range can also be applied to an ultra-efficient π -phase shifter even for a CW input. This gives slow light a good candidate in achieving an ultra-low V π Mach-Zehnder modulator [55] as depicted in figure 3 .
A slow light variable optical buffer has many advantages over an optical buffer that changes its delay by physically adjusting the optical path length. The latter case either mechanically changes the length of the optical path or recirculates the signal inside a loop for a controlled number of times. Recently, there have been a few proposals and demonstrations on how the change in optical path length can be achieved without any mechanical parts or recirculating controllers [56] [57] [58] . For example, Sharping et al [58] showed that the signal can be virtually routed to a 'different' optical path by changing its wavelength. By using a highly dispersive fibre segment, the signals at different wavelengths see different group velocities and therefore experience different amounts of delay. At the end of the delay line, the signal wavelength is shifted back to its original quantity. This approach, however, does not shrink the actual device size because the signal is still travelling at the same velocity as it is in the fibre delay loop. But it provides an interesting alternative for the design of a variable delay line in addition to the slow light based approach.
Ideally, we would want a slow light device to generate an arbitrarily large delay with an arbitrarily large operating bandwidth. Unfortunately this has been shown to be not possible in numerous reports [7, [59] [60] [61] [62] [63] whether for slow light devices based on material dispersion or on waveguide dispersion. For an ideal device, there is no absorption and the operating bandwidth is only limited by the dispersion characteristics of the slow light mechanism. The delaybandwidth product τ B is determined by the amount of dispersion we can achieve which is given by [7, 59] 
where L is the device length and n avg − n min is the maximum change in the refractive index that leads to slow light. In the extreme case where n min ∼ 0, the delay-bandwidth product per unit length is given by n avg /λ 0 which is nothing but the optical wavelength in the material. In other words, the minimum device length required to store one bit of information is limited by the optical wavelength in the device. For a typical semiconductor material at 1.55 µm wavelength, n avg /λ 0 = 3.6/1.55µm and the minimum length to store a bit (L bit ) is 430 nm. To further scale down L bit , we need to scale down the optical wavelength or increase n avg but the latter will also increase the coupling loss to the slow light device due to the index mismatch to other optoelectronics components. It is interesting to compare (3) with optical storage and CMOS technologies in which the scaling also depends on the optical wavelength used for the read-out head and lithography, respectively. It is worthwhile to note that in deriving (3), we have assumed that the amplitude response is constant throughout the spectral range in which we are interested. This is only possible for some special cases of waveguide dispersion based slow light devices. For material dispersion based slow light device, the amplitude response is determined by the overall absorption (or gain) spectrum and is linked to the refractive index dispersion via the KK relation. As we will show in the next section, the delay-bandwidth product of a material dispersion based device is always smaller than that of the ideal case (3) because of a non-flat amplitude response.
General principles of slow light in semiconductors
As we have discussed in the section 1, slow light can be achieved either with a large material dispersion or with a large waveguide dispersion. In semiconductor heterostructures, Table 2 . Comparison with material dispersion and waveguide dispersion based semiconductor slow light devices. The definitions of 'pros' and 'cons' here are solely based on an ideal slow light device that is universally suitable for all applications.
Pros Cons
Material dispersion (1) A narrow spectral hole can be obtained by coherent processes including EIT and CPO and leads to a large slow down factor. (2) The width and the depth of the spectral hole can be dynamically tuned at a high speed. This leads to a high-speed operation. (3) Device structure can be as simple as a straight waveguide and can be made very compact.
(1) Coherent process is involved.
(2) Device-to-device variation may be an issue for slow down factors. For non-ideal EIT and CPO devices, loss often becomes the limiting factor. (3) For devices using gain peaks instead of spectral holes, amplified spectral emission (ASE) and gain saturation need to be taken into account which limit the maximum slow down factor that can be achieved.
Waveguide dispersion (1) Passive device does not involve any coherent process.
(2) Mature semiconductor fabrication technology can be leveraged to make device-to-device variation small.
(1) It is difficult to quickly change the refractive index of a photonic crystal or resonator structure which results in a low operating speed. (2) The overall device size is bulky and complicated if a large slow down factor is desired.
large material dispersion can be achieved by inducing a narrow spectral transparency hole (or a gain peak). On the other hand, large waveguide dispersion can be achieved by using photonic crystal or resonator structures. A brief comparison between these two methods is given in 
Material dispersion based slow light
In the case of material dispersion, a narrow spectral hole (or a narrow gain peak) is required to generate a steep dispersion of the refractive index. The slow down factor can be expressed in terms of the spectral characteristics of the transparency window according to (2) . To further simplify the equation, we consider a symmetric spectral hole (or a symmetric gain peak) whose spectral characteristics can be expressed by a function α(ω) defined as the difference between the original and modified absorption spectra. α(ω) is taken to be positive at the centre of the spectral hole. If we Taylor expand α(ω) around the centre frequency, we get
where δ = ω − ω is the detuning from the centre frequency.
In the case of a single gain peak, we can replace α(ω) with the gain profile g(ω) and the discussions below will remain the same. If the shape of the spectral hole is smooth enough, we can ignore all the higher order terms in (4) and the spectral hole can be approximated by resuming the series in (4) again. The result is a Lorentzian shape as follows:
where ν is the FWHM of the spectral hole. Substituting (5) into (4), we get
This result confirms our assertion before that the slow down factor is inversely proportional to the width of the spectral hole and is proportional to the depth of the spectral hole. Note the derivation of (6) is independent of the physical mechanism of the slow light. The only assumption made was the spectral smoothness of the spectral hole. Experimentally (6) has been verified in semiconductor QWs with CPO [23] . From (6), we can further deduce the delay-bandwidth product of a material dispersion based slow light device to be
where we have assumed the slow down factor is large enough that we can ignore the first term in (6) . To relate the operating bandwidth B to the width of the spectral hole ν, we note that the amplitude response of a material dispersion based slow light device is not flat. Instead, it is modified by the induced spectral hole via the KK relation. The amplitude response T (ω) is given by
We assume the operating bandwidth is limited by the amplitude response. This gives us an upper bound of the operating bandwidth because the slow down factor itself is a function of the detuning δ too as in (6) . The 3-dB bandwidth of T (ω) and hence the operating bandwidth is given by
where (5) is used in obtaining (9) . Note the square-root device length dependence of the operating bandwidth. This is a general property of a material dispersion based slow light device or a minimum phase filter (MPF) as will be discussed Figure 4 . The comparison of lifetimes of a few typical physical processes in semiconductors with a dilute atomic system. The operating bandwidth (BW), the operating speed, and the slow down factor are also compared. The lifetime of a photonic crystal based structure is determined by its quality factor or photon lifetime.
in the next section. In these systems, the amplitude response and the phase response cannot be independently controlled. They are connected with each other via the KK relation or the Hilbert transform as in MPFs. The delay-bandwidth product for a material dispersion based slow light device can now be obtained by combining (7) and (9). The result is as follows:
This square root dependence has been numerically demonstrated in an EIT system using uniform semiconductor quantum dots [60] . Note the delay-bandwidth product per unit length is in general smaller than that of the ideal case (3) because of the square-root dependence on the device length. In obtaining (10), we did not consider other constraint factors for the operating bandwidth. Possible constraints include background absorption (or gain saturation and amplified spontaneous emission (ASE) noise in a gain system [64] ) and signal distortion due to a non-constant slow down factor versus detuning. These issues will be, however, important in practical applications.
The width of the spectral hole is determined by the lifetime of the physical process involved. Figure 4 compares the lifetimes of a few typical physical processes in semiconductors with a dilute atomic system. The corresponding slow down factor, operating bandwidth and the operating speed are also plotted together. We can see that the semiconductor heterostructure provides a wide range of slow down factor. This cannot be easily achieved in other material systems such as optical fibres.
Waveguide dispersion based slow light
Similarly in the case of waveguide dispersion, a rapid change in the refractive index over space is necessary to generate a large and positive ∂n/∂β which leads to a large slow down factor according to (1) . This can be achieved in a photonic crystal or a resonator structure. The waveguide dispersion based slow light structure has been widely used in microwave circuits where the terminology 'slow-wave' is often adopted [65] . For example a 'slow-wave' device can be inserted into an antenna to change the wave front and strengthen the energy directionality. Slow light devices based on waveguide dispersion are often not compact due to the space required to generate a sufficient refractive index change. This can be improved but not eliminated with a microresonator structure [62, 66, 67] . The waveguide dispersion structures can be divided into two different categories [62] : the MPFs and nonMPFs. The difference between them is that the amplitude and phase responses of MPFs are governed by the Hilbert transform which is analogous to the KK relation in the material dispersion system while the amplitude and the phase responses can be independently controlled in a non-MPF structure. The simplest realization of a non-MPF filter is a ring or disk resonator as shown in figure 5 which has a unity amplitude response that is also independent of the signal wavelength. This type of filter is called an all-pass filter (APF) [68, 69] . An APF can be used as a fundamental building block for the slow light device to achieve a flat amplitude response while at the same time lower the group velocity. Because of the independent controllability of the amplitude response, a non-MPF slow light device has a delay-bandwidth product per unit length to be independent of the device length. This property is identical to an ideal device as in (3) . However, the minimum length required to store a bit is about 6 times the microresonator dimension or 3 times the optical wavelength in the material [7] . Moreover, the system size to achieve a huge delay is often very large in order to accommodate the number of resonators required which is directly proportional to the delay-bandwidth product of the system. The overall system size can be reduced in some degree by embedding the material dispersion system into the waveguide dispersion structure [70] . This combination, however, will not change the delay-bandwidth product limitation.
Delay-bandwidth product trade-off
From the discussions so far, the delay-bandwidth product trade-off (3) or (10) is a universal limit for a general slow light device regardless of the physical mechanism involved. Different physical mechanisms give different delay-bandwidth products but they are all upper-bounded by (3). The question now is: Is there anyway to go around it? The answer is 'Yes' and the solution is to use multiple devices together. Figure 6 . By adiabatically changing the group velocity of the slow light device, the signal that has entered the device spreads out in time and its bandwidth is effectively reduced. The total amount of delay can be increased due to the reduction of the bandwidth. The trade-off is the need for an extra hold-off time. Without the hold-off time, the following signal will overlap with the signal that is still in the device and results in information loss. This figure illustrates the signal evolution at different stages. The group velocity of the signal changes with time and is depicted at the bottom of the graph. The labels (a)-(f) correspond to the sub-figures (a)-(f), respectively. Once the packet enters the slow light device completely at time b, the group velocity is adiabatically reduced to spread out the signal in time (as shown in (c)) in order to reduce the effective bandwidth. After the signal accumulates the desired amount of delay and completely exits the device at time (d), the group velocity is resumed to its original value and the device is again ready for the next packet. This process can be repeated again for the next incoming packet.
There are at least two ways in doing that. The first approach uses a time-variant slow down factor to dynamically change the signal bandwidth. To be clear, we consider an optical signal comprising of a chain of packets. Each packet consists of a fixed length of optical signal with a certain signal bandwidth B S . Normally if the signal is continuously fed into the slow light device, we would expect a maximum delay given by τ max = C/B S where C is the delay-bandwidth product associated with the physical mechanism used in this case. It seems from the first glance that it is impossible to get more delay with a fixed bandwidth. But as illustrated in figure 6 , if we close the input port of the slow light device for a certain amount of time (hold-off time) after receiving the first packet, or if there is an interval between two adjacent packets, we can take advantage of the extra time window to spread out the received packet uniformly in time by adiabatically decreasing the group velocity. This approach effectively reduces the bandwidth of the packet. After the desired delay is accumulated, the group velocity of the signal is then adiabatically recovered to its original quantity. When the signal bandwidth is reduced at times (c) and (e) as in figure 6 , the total amount of allowed delay Figure 7 . By using multiple slow light devices with a time demultiplexing switch, the hold-off time can be eliminated. The delay-bandwidth product limit can be increased by N -fold where N is the number of slow light devices used.
is increased. This approach has been experimentally demonstrated to bring the light to stop in an atomic vapour [20] with EIT by gradually narrowing down the transparency window by turning down the intensity of the pump beam. It has also been theoretically analysed in a coupled resonator structure [66, 71] . We should keep in mind that this approach does not, however, increase the delay-bandwidth product if only a single device is used. It merely puts the slow light device into a busy state after receiving the maximum allowed bandwidth and then recovers whenever it becomes idle again, that is, when the received packet has exited the device. We can, however, eliminate the hold-off time by using multiple slow light devices along with a time demultiplexing switch as shown in figure 7 . Once the first device becomes busy (in this example device 1), we can immediately switch the signal to the next available device (device 2 in our example). By using N multiple devices in parallel, the overall delay-bandwidth product can be increased by N−fold.
Another scenario that addresses the delay-bandwidth product limit is to couple several slow light devices together, each with a slightly different operating wavelength [62, 72] . The coupling is such that the signal can interact with all individual devices simultaneously. This is similar to the tricks used in a filter design to flatten out the transfer function by using a higher-order transfer function. If each different signal wavelength component is appropriately routed into a particular slow light segment that generates the same delay of τ as illustrated in figure 8 , the total delay-bandwidth product can be greatly improved. This approach, however, increases the size of the system, power consumption and the design complexity in order to properly overlap the responses from different slow light segments to flatten out the over response. For example in figure 8 , the contributions from different devices are weighted such that the larger absorption at frequencies farther away from the centre can be suppressed to maintain an overall flat response. This weighted average will compromise the overall slow down factor but is necessary to improve the overall system bandwidth. The coupling of multiple devices can also be applied to overcome the sample inhomogeneity existing in some structures such as in a selfassembled QDs array. Since each dot in the ensemble is different, the slow light characteristics of each dot may be different from each other and the overall slow light effect may be washed out. To overcome this issue, we can apply multiple pumps and effectively decouple the dots from each other. Using the same picture as described above and in figure 8 , the net slow light response can be recovered. Again, this approach does not change the delay-bandwidth product limit of a single element. The increase of the delay-bandwidth product is achieved through the combination of multiple devices. This is similar to the above time-variant group velocity approach.
Fast light
Before we leave this section, it is interesting to note that in (6) , if α(0) becomes negative, the slow down factor can become less than one or even negative. This corresponds to the superluminal light (fast light) and the negative group velocity, respectively. A negative α(0) corresponds either to a single absorption peak as in the case of Chu and Wong's experiment [8] or to a spectral hole in the gain background [27, 73, 74] . Fast light has long been a debate whether it violates the causality principle [75] . It is beyond the scope of this paper to discuss the debate but from the framework developed above, fast light is a continuous pulse reshaping process just like slow light. The difference of fast light from slow light is that the reshaping process takes place in an opposite direction due to an opposite sign of the dispersion term ∂n/∂ω or ∂n/∂β. The definition of signal velocity in the context of fast light, however, has to be defined in a more restrictive way. If it is defined by the onset of the signal based on the signal-to-noise ratio, the signal velocity will be different from the group velocity and its value will always be less than the speed of the light in the vacuum c [75] . But if it is defined by the location of the peak of the pulses, the group velocity can exceed c.
Several slow light mechanisms in semiconductors
In this section, we compare several slow light mechanisms in semiconductor heterostructures including EIT, CPO, gain systems, OIL and exciton dephasing. All these are material dispersion based systems with tuning capabilities on their slow down factors. The key parameters for these mechanisms are summarized in table 3.
Electromagnetically induced transparency
The first proposal of slow light in semiconductor heterostructures was to use EIT in a QD waveguide [1] . An EIT process involves a three-level system and two laser beams, one strong (pump) and one weak (signal) each couples to an allowed transition in the system. Depending on the relative configuration of the pump and the signal beams, an EIT process can be categorized into three different configurations: π , V and the ladder systems as shown in figure 9 . Without the presence of the strong beam ω p , the signal beam ω s experiences a strong absorption due to resonant exciton excitations. Once we turn on the pump beam, the linkage of the two optical transitions through the non-radiative coherence between levels |3> and |1> creates a destructive interference and completely suppresses the possibility of any exciton excitation between levels |1> and |2>. Therefore the signal sees a spectral hole in the absorption spectrum. The absorption at the centre of the spectral hole has been shown to be extremely small due to the destructive quantum interference [78] . This deep and narrow spectral hole gives rise to slow light. The width of the spectral hole is given by the non-radiative coherence dephasing time. In semiconductors, there are different dephasing channels with very different coherence lifetimes. For example, the exciton dephasing is typically on the order of 100 fs or shorter in a semiconductor QW but the electron spin coherence between two degenerate conduction bands can be much longer. It has been shown that the electron spin coherence in a [110] GaAs/AlGaAs QW can be as long as 10 ns at RT [79] . EIT has been demonstrated in semiconductor QWs at 10 K [80, 81] . However, to the best of our knowledge there has not been any concrete report of EIT in semiconductors at RT.
Semiconductor self-assembled QDs are high quality, defect-free nanostructures that provide three-dimensional potential confinement for excitons. The strong confinement makes the QDs array to resemble vital properties of atoms and makes them an ideal candidate for EIT. The exciton dephasing of a single QD has been observed to be around 7 µeV at low temperature and 4.5 meV at RT [82, 83] , respectively. These correspond to spectral holes with widths around 1.7 GHz and 1 THz, respectively. The slow down factor in a uniform QDs array can be as large as 10 7 at low temperature according to figure 2.
The state of the art QDs array still exhibits a very large inhomogeneous broadening linewidth (20-60 meV), which is many times more than that of the homogeneous linewidth (4.54 meV at RT) of a single QD. The non-uniformity which is created during the self-assembly process of QDs fabrication makes the energy level fluctuating and washes out the overall slow light effect. As we have discussed previously, the inhomogeneity can be overcome by adopting a multiple-pump scheme [72] . So far, no experiments have demonstrated explicitly the slow light effect induced by EIT in semiconductor heterostructures.
CPO

CPO in QWs.
CPO is a coherent energy transfer process between the pump and the signal beams in a twolevel system as shown in figure 10 . The pump and the signal beat at a frequency ω p − ω s . When the beating frequency is small enough that the carriers in the semiconductors can catch up with the oscillation back and forth between levels |1> and |2>, the carriers will generate a temporal grating and induce the energy exchange between the pump and the signal. This process, similar to EIT, creates a spectral hole seen by the signal and leads to slow light. Since the carrier recombination lifetime in semiconductors is on the order of ns, the width of the spectral is on the order of GHz. CPO has been experimentally demonstrated in a ruby crystal [84] and semiconductor QWs [44] . Slow light with CPO in semiconductor QWs has also been demonstrated in various experiments both at low temperature [23, 25] and RT [24] . A group velocity less than 200 m s −1 was demonstrated by direct time measurement [25] .
The KK relation which lays the foundation of the theoretical framework developed in section 3 has been verified to be a good agreement in the CPO experiment. Figure 11(a) shows the phase delay βL and the absorption which are measured simultaneously in the experiment [23] . The phase delay is proportional to the refractive index and therefore its slope with respect to the detuning gives the slow down factor. In figure 11(a) , the slow down factor is 31 200 and is constant over a 2 GHz window. If the KK relation is valid, the directly measured slow down factor should be equivalent to the value calculated from the width and the depth of the spectral hole in the absorption background. Figure 11 (b) shows that this is indeed the case. The calculated slow down factor from the absorption spectrum agrees well with the direct measurement. When the pump intensity changes, the slow down factor also changes as shown in figure 11(b) . The fractional change in the slow down factor is S/S ∼ 1.3.
CPO in QDs.
Since the frequency of the temporal grating only depends on the beating between the pump and the signal, the CPO process is immune to the sample nonuniformity [85] . In fact CPO has been demonstrated in an inhomogeneously broadened QD SOA [28, 85] . Both slow light and fast light have been observed by changing the bias voltage to the QD SOA. There are three regimes of operation for a p-n junction SOA:
(1) When the device is reverse-biased, it is essentially an electro-absorption modulator, the CPO effects result in a slow light. (2) When the device is under a forward bias current below the transparent current level, where the optical gain is equal to the background absorption, the overall waveguide is still absorptive, slow light is observed using CPO. (3) When the forward bias current is above the transparent current level, the net modal gain of the SOA is positive, CPO results in fast light phenomena.
All three regimes of operation have been demonstrated at RT. In the experiment, the active region of the device consists of ten stacks of InAs/GaAs QDs with p-type doping in the GaAs barriers and has a total thickness of 388 nm. The top and bottom optical cladding layers are grown with 1500 nm of Al 0.35 Ga 0.65 As. Electroluminescence spectra show two peaks close to 1290 nm and 1210 nm, corresponding to the ground state and excited state emissions, respectively. The length of the QD SOA is about 700 µm. The heat-sink temperature is controlled to stay at 20
• C. A phase shift technique [86] is used to measure the changes of the gain/absorption and the slow down factor in the QD SOA under optical pump and current injection. In the experimental setup [27, 28] , the pump and signal are counter propagating inside the device. The signal is a tunable laser source and is followed by an optical isolator to avoid external feedbacks. A network analyzer is used, functioning like a lock-in amplifier with high-speed chopping frequency, to determine the signal delay. A polarization controller to match the polarization of the modulator is built into the network analyzer (NA). The radio frequency (RF) modulated output from the NA is fed into the optical circulator which functions as an optical isolator to the signal and as the port of the transmission measurement for the pump beam from the opposite direction. A two-lens coupling system is used to couple the light into and out from the QD SOA with an estimated coupling loss of 12 dB on each side. Two polarization controllers are used to align the polarizations of the pump and signal with the dominant TE polarization of the QD absorption. The signal transmitted through the QD SOA is fed back to the network analyzer to measure the phase delay and gain of the RF modulated signal. The transmitted pump is used to monitor and correct the drift of the optical coupling systems.
First, we obtain signal transmission spectra of the QD SOA without the presence of pump, as shown in figure 12 . We observe reduced absorption (or increase in gain) when we raise the forward injection current from 0 mA to the transparency current of 30 mA due to the electron-hole occupations. We also observe clear electro-absorption effects in the reverse bias region (V < 0) with sharp QD bound state absorption. The increase in absorption with increasing reverse bias voltage is especially visible near the ground of the QDs. This is due to the fact that the sample is p-type doped, therefore, an increase in the reverse bias depletes the hole occupation and increases the absorption. Between 0 and 30 mA, the device functions as an absorptive medium with maximum absorption at 0 mA and decreasing towards transparency (zero absorption) at 30 mA. Therefore, slow light effect is expected within this range of operation current. Figure 13 (a) shows the measured slow down factor change (i.e. group index change or n g in the figure) as a function of detuning for three bias currents at 0, 15 and 30 mA. In figure 13(b) , we present the dependence of the peak slow down factor change as a function of the injection current into the 700 µm long device. The peak slow down factor change decreases as the current injection increases. As the current increases towards the transparency point (30 mA), the optical pump beam inverts less carrier population and consequently generates a weaker temporal grating and CPO. For current injection larger than 30 mA and up to 80 mA, no change in slow down factor was observed in this device. This could be attributed to the increasing intraband multi-carrier effect as the carrier density increases.
At zero voltage or 0 mA bias, the slow light effect is the largest. The phase change in 2
• at 1 GHz corresponds to 5.6 ps delay or a group index change in 2.4 and a slow down factor of 4.8 relative to the vacuum. As the injection current is increased in the forward bias regime (yet below the transparency current of 30 mA, where the net gain/absorption is zero), the net QD SOA absorption is reduced because of the injection of electronhole pairs. Therefore the slow down factor decreases. In the reverse bias regime, as the bias is changed from 0 to −3 V, it was observed a reduction of slow light even though the background absorption (see figure 11) increases. This is likely due to the fast carrier sweep-out of the QDs under a reverse bias field, resulting in a shorter T 1 interband carrier life time and a broader bandwidth (determined by 1/T 1 and the Rabi frequency determined by the pump intensity). We have also achieved optical control of slow light by a factor of 2 or a group index change in 3.0 by varying the optical pump power.
Gain systems
As discussed in section 3, either a spectral hole inside an absorption background or a gain peak can lead to slow light. A gain system has been used to induce slow light in semiconductors [31, 32, 34, 76, 77] . The simplest gain system is just a single gain peak such as in the case of SRS. In a SOI waveguide, the width of the gain spectrum generated by SRS is on the order of 100 GHz [31] . The corresponding slow down factor is only about 3 mainly because of a small gain achievable in SRS. On the other hand, VCSEL operating in the amplifier regime provides a narrower gain spectrum and therefore a larger slow down factor. Delays at different signal frequency components are, however, non-uniform which may impact some applications. A delay up to ∼100 ps has been obtained in the experiment [32] .
In SOA, if the pump and the signal beams are both injected into the waveguide, not only will there be CPO as described above but there will also be an induced dispersion due to nonlinear wave mixing effects [34, 77] . This wave mixing effect leads to an extra contribution on slow light. All the gain systems are subject to the constraints of gain saturation and ASE noise [31] .
Optical injection locking
Using ultra-strong optical injection technique, delaybandwidth product value of 1.0 was recently reported for a high-speed modulated signal, with the highest speed obtained being ∼16 GHz [36] . For over twenty years, OIL has been studied for a wide range of applications in optical communications, optical signal processing and microwave photonics [87] [88] [89] . Typically, the injection locking configuration uses one continuous-wave (CW) operated laser as the master laser to optically lock a second directlymodulated slave laser. This technique has been shown to be very effective to improve various modulation characteristics of the slave laser, including a reduced frequency chirp leading to an improved digital transmission [90] , a significant increase in the modulation frequency response [91] and greatly reduced nonlinear distortion [91] .
Recently, a novel OIL scheme using a directly-modulated master laser and a CW slave laser was reported [36] . A full 2π phase shift is achieved at modulation frequency above a certain critical frequency f c determined by the injection power ratio. This phase shift is effectively a slow/fast light medium and may be interesting for optical delay applications.
The group velocity of a laser cavity (herein slave laser) is strongly effected by its threshold gain. Under injection locking, i.e. when the slave laser is subjected to the injection of a strong CW light source, the slave laser's lasing wavelength is pinned by the master laser. Due to the stimulated emission from the master laser, the gain required by the slave laser is greatly reduced in value. Thus, the carrier density is reduced, which red-shifts the slave cavity (due to a non-zero linewidth enhancement factor or alpha-parameter).
In [36] , two RT operated VCSELs at 1.55 µm were used as the master and slave lasers. The master laser is modulated with a single-tone sinusoidal signal, creating two side bands. The optical carrier frequency acts as the CW master line that locks the slave laser wavelength and shifts its cavity spectrum. The side bands thus experience different phases through the slave laser cavity, resulting in a time advance or delay of the sinusoidal signal. Total delay as much as 2π is achieved for a frequency range from 9.2 to 16 GHz, as shown in figure 14 . Both absorption and gain exist but at different frequencies. Tunable delay can be achieved by changing the detuning or the drive current.
Exciton Dephasing
In this scheme [33] , slow light is induced by the spectral hole between the two closely spaced heavy-hole and lighthole exciton absorption peaks. The spectral characteristics of these two exciton absorption peaks can be modified by free carrier injection due to their strong Coulomb interaction with excitons. Because of these changes, the depth of the spectral hole is also changed which results in the change in the slow down factor. S/S > 2 was reported with an 8 ps optical pulse propagating through GaAs/AlGaAs multiple QWs.
Conclusion
We have summarized the research activities of slow light in semiconductor heterostructures in recent years and presented a unified theoretical framework to compare different slow light mechanisms. We adopted an application oriented approach and hope in this way, readers from the applications side can gain more understanding on the advantages as well as disadvantages of a semiconductor slow light device for his/her favourite application. The general principles of slow light in semiconductor heterostructures were given. The principle we presented can be directly applied to other material systems including atomic gases and optical fibres.
Slow light slows down the propagation of information carried by an amplitude-modulated optical signal. When the signal distortion is small enough that all the useful information can be extracted at the output of the slow light device, the propagation velocity of the signal is equal to its group velocity and is given by (1) . Two approaches including material dispersion and waveguide dispersion are possible to realize a slow light device and in both cases, the delay-bandwidth product per unit length has an upper bound which is equal to the optical wavelength in the material. In the material dispersion case, the dispersion of the material can be increased either electrically or optically. The increased dispersion generates a rapid change in the refractive index over a narrow spectral range and leads to slow light. The amplitude response is also modified at the same time the dispersion is changed and is governed by the KK relation. The resulted delay-bandwidth product τ B per unit length is smaller than that in the ideal case.
τ B is proportional to the square root of the device length as well as the square root of the depth of the spectral hole (or the maximum gain in a gain peak.) In the case of waveguide dispersion, the amplitude response of a non-MPF can be separately controlled from its phase response and results in a delay-bandwidth product approaching the ideal case. The trade-off we have to pay is a much larger system footprint in order to achieve a large slow down factor. On the other hand, the change in the slow down factor in a waveguide dispersion based slow light device is typically very slow.
We also discussed possible approaches to overcome the delay-bandwidth product limit by coupling multiple slow light devices together to either increase the overall bandwidth or dynamically decrease the signal bandwidth in each device to R104 result in more delay. The dynamic decrease in the signal bandwidth can be achieved by using multiple devices in parallel with a time demultiplexing switch. On the other hand, the coupling can be achieved either by physical coupling of different devices or by using multiple-pump beams in a nonuniform sample that exhibits a large inhomogeneous linewidth such as in QDs.
We compared several experimental demonstrations of slow light in semiconductor heterostructures with different physical mechanisms including EIT, CPO, gain system, OIL and exciton dephasing. All these are material dispersion based devices with a slow down factor that can be tuned at a high speed. The slow down factor achieved by a waveguide dispersion based structure is still rather limited owing to the fabrication complexity. Recently, a slow down factor of 125 was reported in a two-dimensional photonic crystal structure [38] .
The main difference among these physical mechanisms we discussed is the width of the spectral hole which is directly related to the time constant of the physical process involved. EIT with excitonic coherence at RT and SRS involve fast exciton and phonon interactions, respectively. Therefore they provide a large operating bandwidth (∼THz) and a fast operating speed while at the expense of a small slow down factor. EIT with electron spin coherence and CPO involve slower processes that give an operating bandwidth ∼GHz and a slow down factor on the order of 10 3 -10 4 . OIL-VCSEL has both absorption and gain signatures at different frequency bands. The slow down factor versus signal modulation frequency is not linear which may limit some of its applications. On the other hand, the total delay in CPO is limited by the finite absorption and in SOA or other gain systems, by the gain saturation and the ASE noise.
We have also shown that regardless of the physical mechanism involved, the performance of all the material dispersion based slow light devices is eventually limited by the device length with or without the presence of these non-ideal factors such as loss and ASE noise. In spite of this limitation, the total amount of fractional delay we can achieve in a material dispersion based slow light device is given by
where τ p ∼ 1/B is the pulse width and λ m is the optical wavelength in the material. For λ m = 1.55 µm/3.6 = 430 nm and α(0) = 10 4 cm −1 , this corresponds to a total fractional delay on the order of one pulse length! Despite of the small fractional delay, the variability of the slow down factor as large as 2 has been demonstrated in the exciton dephasing experiment. It already promises the slow light application in a PAA system [47] . To generate a more fractional delay, we need to create a deeper spectral hole in a highly absorptive material. Although slow light via EIT has not been demonstrated in semiconductors yet, it still promises the largest fractional delay compared with other physical mechanisms. For example for EIT in a uniform QDs array, the numerical simulation showed a fractional delay of 100 pulses is achievable.
There are still great challenges ahead for slow light to become a real solution for applications such as optical buffers in a telecommunication network or all-optical signal processing. They likely need an EIT based slow light device with electron spin coherence at RT. But nevertheless slow light has already shown great promises in some of other applications including a tunable TTD element in a PAA, ultra-low Vπ Mach-Zehnder modulators, pulse synchronization and ultracompact low-light level nonlinear optical devices.
